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Multiblock multiphysics approach to flow in porous media
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Multiblock gridding strategyl

Partition the domain into a series of blocks:
Q — U?ﬂQi, Fij — 8QZ M ('9{2]
Each block is covered by a logically rectangular grid.
Consider each block (grid) as the image of a rectangular reference block (grid):
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Features of multiblock subsurface modelingl

e Accuracy and local mass conservation

e [rregular geometry - flexible (local) gridding

e Geological features - faults, fractures, layers - non-matching grids
e Multiphysics and local phenomena

e Efficiency - large scale simulations

— Parallel scalability - domain decompositions
— Reduced computational cost - different numerical methods on different blocks
— Local and interface adaptivity

Critical issues:

e Imposing matching conditions across interfaces in a stable and accurate way

e Developing efficient nonlinear interface solvers and preconditioners
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Single phase flow modell

Q Cc R? (d =2 or 3) - flow domain
u=-—-KVp inQ (Darcy’s law)
V.-u=q in () (conservation of mass)

u-v=>0 on 02  (no flow BC)

u - velocity, p - pressure, K - permeability tensor, g - source (wells)

Variational mixed formulation
H(div;Q) = {v:v € (L*(V)¢, V-v e L*Q)}

V={vecHdiv;Q) :v-v=00n00}, W =L*Q)
Find u € V, p € W such that
(K 'u,v) = (p,V - v), vev,
(V-u,w) = (q,w), w e W.
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The mixed finite element methodl

7}, - finite element partition
V, x W, CV X W - mixed finite element spaces

Find u, € Vy, p,, € W), such that
(K 'wy, v) = (pn, V - V), v € Vy,
(V-up,w) = (q,w), w € W,
Properties:
e Simultaneous (accurate) approximation of pressure and velocity

e [.ocal mass conservation: for each element E.

lon FE, B
Y= 0 otherwise = [pV = Jpa

e Continuity of normal flux across element faces: for each e = 0F; N OFs,

Laplg, v —wuplg, - v) = 0.
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e Triangular element:

e Rectangular element:
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Vi(E) = (Pi(E))* +xPy(E)

Wi(E) = Py(E)
Y LN AN

) veloci ty

e pressure

e Lagrange
multplier

Vi(E) = Piy1x(E) X Pypr1(E)

A
|

=

V

p velocity

e pressure

e Lagrange
multplier




Multiblock formulation for single phase ﬂOWI

Fz’j = 8QZ M 893

On each block €2;:
u=-—-KVp in €;

V.-u= q n Qz
u-v=>0 on 0€2; N Of)
On each interface I';;:
pi = Dy on L'y
[11 . V]z'j =3 on Fz’j
where
Pi = p\aQi

u- v =ulg, v —ulg, v
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Multiblock (macro-hybrid) discretizationl

On each block €);:

7}, - finite element partition of §2;
75,; and 7Tj, j - possibly non-matching on I';;
(Whis hi) € Vi X W, - mixed finite element approximation on 7y,

On each interface I';;:

Interface finite element grid 7y, ;; - possibly different from the grids on €2; and €2;.
Mortar finite element space Mj, ;; on T, ;.

Interface pressure is approximated by Ay in the mortar space My, ;.

Flux continuity is imposed weakly:

/Fij[u . V]z'j,u do = O, \V/,LL c Mh,ij-
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Mortar finite element spaces for RTOI

Matching interface I';;: Use the standard piecewise constant Lagrange
multiplier space.

Non-matching interface I';;: The piecewise constant space leads to only
sub-optimally convergent method.

Instead, use piecewise linears:

Mg}ij = {p € L*(Ty;) : p|e is (bi)linear}

and
Mffzg — Mfcf,zj M C()(Fij)-

-

My, =M ffﬂ-j or My ;- a mortar finite element space on I';.
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Multiblock discretization spacesl
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The mortar mixed finite element method'

Find u, € Vy, p, € Wy, A\, € My, st for1 <1 <n

(K 'y, v)o, = (o1, V- V), — A, v vidr,, v € Vi,

(v ’ uh7w)QZ' — <Q7w)§2p (JURS Wh,i7
.§1<uh | VZ',M>FZ. — 07 IS Mh.

Stability condition on M, ;;:
Qnitt = Qi =0=pu=0, Vue M,
where Qp; : Mpij — Vi - V‘Fij is the L?-projection:

(= Qpip,v-v) =0, veV,,

Lemma: There exists a unique solution (up, pp, Ap) such that

Junllv + llpellw + [[Anll 2y < Cllgll 2
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Convergence resultsl

Theorem (Arbogast, Wheeler, Cowsar, Y.)

Assume that the grids are quasi-uniform and for each u € Ay,
HMHO;Fi,j < C(HQh,z’MHO,Fz’,j T HQh,jMHO,Fi,j)'

Then

Hll — uhHO < Ci§1<”p“r+1,ﬁi + Hu|‘7“79i>hrv O0<r<Fk+ 1,
V-(u—w)o<C ﬁl IV -ullpoh’, 0<r<I+1,

Hu—uhH\Sij B2 0<r<k+1,

1<HPH7~+3/2,QZ~ - HuHr+1/2,Qi>

S~

p—pullo < C = (Ipllrsro; + lalleg; + 11V - ullro)h™,

n
p=pallo < € X (Ipllr+10; + [lullne + [V - ullro)h,

0<r<min(k+1,1+1).

Here ||| - ||| denote the discrete L*-norm along the Gaussian lines.
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Parallel domain decompositionl

[Glowinski, Wheeler; Y] Two types of subdomain problems:

(an|q;, Prlo,) is the solution on §2; with zero mortar data, correct source and BC’
BC
BC
Bd %
o Y |BC
BC
BC

(uj(M)|a,, p5(A)]o,) is the solution on €2; with mortar data A € M}, zero source
and BC'’s.

0
0
O o)
Ao 0
0
0
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Reduction to an interface probleml

Define s, : L*(T") x L*(T") — R by
sn( p) = _%/FZ-J [, (A) - vy pdo
Define g : L*(I") — R by
gn(p) = ZZJ/F” ly, - V)i pdo
The solution (uy, pp, Ap) to the original problem satisfies

. Sh<>\h71u> — gh(:u)? I3 S Mh7
with

uy, = uy(Ay) +ap,  pr = pi(An) + D
Lemma
sp(+, +) is symmetric and positive semi-definite on M,

Solve the interface problem

Sh(Ans 1) = gn(p), p € My

in parallel by using conjugate gradient or multigrid.
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Iterative interface solverl

Evaluation of the bilinear form on each iteration:
e Project A onto Vy;-v: A — Qi

e Solve in parallel subdomain problems with Dirichlet data O ;A on the interior
interfaces to compute the fluxes uj () - v

e Project the fluxes back to the mortar space M), to compute the jumps across
the interfaces

Algebraic system

ATBL u 0 P I\ (x -
LT 0 0 A 0

X - subdomain unknowns; A - interface unknowns

Matrix is symmetric but indefinite. Form the Shur complement system:
L'R'LAN=L"R g (1)
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Interface probleml

Define, for ¢t = 1,...,n, S; : M, — M, and s; : L*(I") x L*(T') — R
such that for all X\, u € Mj,

(Sid, ) = si(A, p) = = (i (A) - v, e,
S; is a Dirichlet-to-Neumann map:
Sid = =9/ (wi()) - ;)
Define S : Mj, — Mj, and s : L*(I") x L*(I') — R such that
S = éjl Si, s\, p) = éjl Si(A, ).

The interface problem is

SA=yg or s(A\p)=g(), Yu€ M.
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Balancing preconditionerl

Balancing preconditioner background
Interface formulation: Glowinski and Wheeler (1988)

Neumann-Neumann preconditioner:

Bourgat, Glowinski, Le Tallec, and Vidrascu (1989)
De Roeck and Le Tallec (1991)

Le Tallec (1993)

Achdou, Le Tallec, Nataf, and Vidrascu (2000)

Balancing preconditioner:

Mandel (1993)
Mandel and Brezina (1996)
Cowsar, Mandel, and Wheeler (1995)
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Interface Neumann-Neumann preconditionerl

Define a partition of unity D;: supp(D;) C I'; and Iy D;\ = X\, VA € M,
ALGORITHM:
Given r € My, define My as follows:

1. r; = DIr (distribute r to subdomains).
2. Solve Sz>\z =T for >\z’ c Mh.
3. Myyr =", D;)\ (average local solutions).

Myy = é D;S7'D;

St r; — ) is a Neumann-to-Dirichlet map and requires a local Neumann solve:
Find u; € Vh(27:7 D € Wh,@', A € Mh,i such that

(K_lllz', V)QZ- = (pi, V - V)QZ- — (A, v - Vz'>FZ'7 S ng
<v - Wy, ”(U)QZ — 07 w & Wh,i)
<ui " Vi, :LL>FZ — <Ti7lu>riv X S Mh,i'

Problems: S; may be singular; No global exchange of information.
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Balancing preconditionerl

1. Balance residuals so local problems S;\; = r; are solvable (modulo Null S;).
2. Result should not depend on the specific shoice of local solutions.

3. Parallel scalability - global transfer of information through a coarse solve.
S;\; = r; 1s solvable if r; 1L NullS;.

{const} if full Neumann
0 otherwise

NUHS@' = {

Define Z;: Null S; C Z; (Take Z; = {const}).
Coarse space:
My = {)\ e My, : = ;lDZQ, (; € Zz}

dim My < n (number of subdomains)
A residual r is balanced (local problems are solvable) if

(r,pr)r =0, Yug € My.

bal — ¢ — Sry where rg € My is found by solving a coarse problem

Balancing r: r

S<TH7NH> — <T7 ;LLH>F7 \v//"LH < MH
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Balancing preconditioner (Cont.)l
ALGORITHM:

Given r € My, define M ir as follows:
1. Solve a coarse problem

S(rw, pr) = (v, pa)r, Vg € My,

and balance residual

rbd = — Sry.

2. r; = DIrt (distribute r* to subdomains).

3. Solve local problems for \; € My, ;:

Sz)\z =T;.
4. A =x, D;)\; (average local solutions).
5. Solve a coarse problem

S<)\H7MH) — <’f’, MH>F — S<)\7MH)7 VMH S MH7

and balance local solutions
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Condition number estimatel

Assume that
coi€TE < ETK ()€ < Coyt’e VE € RV € Q.

Lemma : o
Q; Q;
Proof uses:

C‘ZaQZQh,iM‘%/Q@Qi < asz‘(% p) < C\Zleh,z‘Mﬁ/z,aQia ne My

(4

and
HIanQh,jNHUz,PM = ‘|I§QiQh,iM|‘1/2,F pn € My

Choose weights on ),
(DiXi)(x) =

0,37

07

>\Z<ZC>, T € 8@2 M aQ]

Q,; + Q
Theorem
cond(M;7S) < C(1+ log(H/h))?,

where C' does not depend on h, H, and jumps in K.
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Computational Test 1 I

10 + 5 cos(xy) 0 0
p(z,y, z) = 2°y* +sin(zy), K = 0 10
0 01

Initial grids

Computed pressure and velocity
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Convergence for Test 1I

1/h BalCG CG

cond. |iter.| cond. | iter.
41 4.54520 | 11]9.04823| 14
81590177 11| 17.0075| 18

140 T T T
16 || 7.54221 | 12| 33.5087| 25 o o precondiioner
32119.44828 | 12| 66.7478| 36 120(
64 || 11.7220| 12 133.354| 52
100
Condition number CG convergence E
140 ‘ — 55 ‘ — ‘ E gl
—©— No preconditioner —©— No preconditioner >
—— Balancing precond. —¥— Balancing precond. z
120} E=
T 60
c
45 8
100 0
g g 40
=
§ il g 35f 20f .
S 5
2 ol B 3o W
c E 0 | | | | | | | | |
8 S 2 4 6 8 10 12 14 16 18 20
ol =2 (1-+log(H/h))?
20
20
W i
0 ‘ ‘ ’ 10 ‘ ‘ ’
0 20 40 60 80 0 20 40 60 80

1/h 1/h
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Computational Test 2 I

(z+1)*+y* 0 0

p(x,y, z) = x3y* + 2 + sin(zy) cos(y),

1/h BalCG CG
cond. |iter.| cond. |iter.
41816598 | 13 38.2574| 23
9122771 16| 111.967| 38
16 || 13.2133 | 19| 225.357| 55
25 (13.4436| 20| 379.496| 72
36 | 13.6084 | 20| 574.747| 88
4911 13.6382 | 20| 811.262| 104
64 | 13.7507 | 20| 1313.49| 126
81| 13.8927| 20| 1871.29 | 144
100 | 13.9882| 20| 1898.91 | 216
121 || 14.0497| 20| 2274.17| 230
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Computational Test 3 I

ermeability
5000
4736.89
4473.79

— T NN T~
. EEEENCE LRIy
SN
4210.68 B - ?:;i4:§§§;\\\v
3947.58 BOBERNNY
- L .. .. SN \\‘\\\\ -
yapd o AN
: e s L7 :
3158.26 ==
2895.16 E
2632.05
2368.95 TN
2105.84
1842.74 .
1579.63 i
1316.53 (8
1053.42 .
790.316 .
527.211 y .8
264.105 o
1 -
—.— T -~ -
Permeability Tensor K Approximate solution
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Convergence for Test 3'

1/h

BalCG

CcG

cond.

iter.

cond.

iter.

411 63.4544
8 || 53.8312
16 1 90.2661
32 || 192.754
64 || 336.072

17
27
34
38
50

222.195
338.236
2313.30
14049.8
65824.2

29
47
94
207
492

x10*  Condition number
7 ‘ ‘ ‘
—©— No preconditioner
—— Balancing precond.

6l

5l
5 2
8 S
Ear T
> —_
z 2
S 5
= al —_
53 2
c
S IS
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0 L L

0 20 40 60
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K =22 + sin(xy)

CG convergence with discontinuous coefﬁcientsl

Discontinuous Tensor K, K /K . =10240
max min

—6— No preconditioner
—— Balancing precond.

K = 10240 + cos(xy)

K =472

Dept. Math./Univ. Pittsburgh

10

15

lteration

20

25

30

35

)




Dependence of CG convergence on jump in coefﬁcientsl

Discontinuous Tensor K

Discontinuous Tensor K
T T T T T T T T T 40

10

—6- No preconditioner —6- No preconditioner
— Balancing precond.

— Balancing precond.

35

w
o

Condition Number
3

Number of iterations

20 :
10" 10° 10’ ¢ 10* 10° 10° 10" 10° 10° ¢ 10’ 10° 10°
max min max min
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Two-phase immiscible flow modell

ko(Sa) K
U, =— (5) Pa(V Py — pagV D) (Darcy’s law)
Ha
9épaSa) +V-U, =q, (conservation of mass)

Sw"'sn:la pc<Sw):Pn_Pw

a = w (wetting phase), n (non-wetting phase)

S, - phase saturation N, = p,S, - concentration /
Pa - phase density P, - phase pressure
@ - porosity g, - source term S,

K - permeability tensor U, - Darcy velocity
ko(Sa) - phase rel. perm. p, - phase viscosity
g - gravitational constant D - depth
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Multiblock formulation for two-phase immiscible flow modell

On each subdomain €2;:

U, =— (5) Pa(V Py — pagV D) (Darcy’s law)
Ha
0(¢g(;5a) +V-U, =q, (conservation of mass)

On each interface I';;:
P&‘Qi — Pa'Q
On each (2; and I';;:

Sw+ S, =1, pe(Sw) = P, — P

Dept. Math./Univ. Pittsburgh
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Parallel domain decomposition - interface formulation'

Fully implicit time discretization =
need to solve a nonlinear system on each time step.

Define interface operator B : M — M for A = (PM, PM) e M
B(A) = ([U;' (M), [U, (M)),

where UM ()\) is the mortar projection of the solution Uy () - v
to subdomain problems with Dirichlet boundary data .

The original problem is equivalent to solving for A € M such that
B(\) = 0.
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Solution of the interface probleml

The interface problem B(A) = 0 is solved by inexact Newton method
Akl = A + Sp;
using forward difference GMRES to approximate the Newton step
B'(\i)sy = —B(M\p).
Each GMRES iteration requires forward difference approximation of B'(\)s:

B(\+8s) — B(\)

D(;B()\ . S) — 5

Dept. Math./Univ. Pittsburgh 34




Cost of a function evaluation'

Algorithm for evaluation of B(PM, PM).

1. Project (orthogonally) mortar data onto the subdomain grids
Pq:iw&)pn,iy P@{;w&)pw,z

2. Solve in parallel subdomain problems with boundary conditions Pm, [_’w,i.
Compute U, ;, Uy ; on each §2; .

3. Project boundary fluxes back to the mortar space
Q/
Ua,i B Ué\f i
4. Compute flux jump in the mortar space

Ui = U%‘ + Ué\fj
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Interface GMRES preconditionerl

DsB : Pressure X Pressure — Flux x Flux

GMRES builds an orthonormal basis for the Krylov space.
Unpreconditioned GMRES step:

Vip+1 = D(;B()\ : ’Uk)

v € Pressure X Pressure; Vi1 € Flux x Flux
v and vy live in different physical spaces!

Preconditioner: M ~ (Ds;B(\))™}
M: Flux x Flux — Pressure X Pressure
Preconditioned GMRES step:

Vg1 = MD(;B<>\ . ’Uk>

Vr+1 € Pressure x Pressure
v, and v, live in the same physical space.
The preconditioned GMRES iterates in the Pressure x Pressure space.
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Neumann-Neumann preconditioner for D(;BI

DsB = > D;sB;

DsB : Dirichlet to Neumann operator (Poincare-Steklov)

Preconditioner:
M =y DsB;
1
where D(gABZ-_1 is an approximation to DsB; 1.

M : Neumann to Dirichlet operator
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Approximation to the Pressure — Flux interface operatorl

On Flg, B = Bl + BQ,
B, : Pressure — Flux is based on Darcy’s Law

UVZ:—<KVP)VZ

Approximate B; by a finite difference on a single-cell layer along the interface:

- P,—P
Bi(P) = K;,—
Leading to an approximation to DsB(P : s)
_ B(P+és) — B(P K K
DsB(P : s) = (P +9s) = BIP) = —2(— + s
0 hi o
Preconditioner: given flux v
1
Mv = ——% v
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Interface GMRES convergence'

Using the CSM simulator IPARS.

Unpreconditioned GMRES -
Precondiitoned GMRES

o ﬁw l
.| -
< ) A—A 4, < .
210 | 210 |
) B (@) B
0 B N i
L B w i
nd i nd |
L L
>t >t
— =
i 107 5 10° A
o wF A,
s B —M— Newton 1 @ B —M— Newton1
B —— A Newton2 B —— A Newton2
i —4@— Newton 3 B —4@— Newton 3
Newton 4 Newton 4
| | | | | |
15 15

5 10 5 10
GMRES ITERATIONS GMRES ITERATIONS
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Effect of preconditioner on interface Newton convergencel

Convergence of interface Newton
10* 15 GMRES iterations

——M— Unpreconditioned GMRES
A Preconditioned GMRES

RESIDUAL

= =
= =
E= w

| \\\HHI | \HHHI | \\\HHI

-
<
[
1 \HHHI

I I I
5 10 15
NEWTON ITERATIONS
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Conclusionsl

e Multiblock formulation on non-matching grids
e Domain decomposition - interface problem
e Balancing preconditioner for single-phase flow

— Consistent Neumann solves
— Coarse solve provides global exchange of information

— Quasi-optimal condition number independent of the jump in coeflicients

e Newton-GMRES with Neumann-Neumann preconditioner for multiphase flow

Current work

e Balancing for multiphase flow
e Direct linearization of the global system

e IMPES-type formulation
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